INTRODUCTION
Linear viscoelasticity theory offers a minimal framework within which to construct a consistent, linear and causal model of mechanical wave dispersion. The term dispersion is used here to imply temporal wave spreading and amplitude reduction due to absorptive material properties rather than due to geometrical wave spreading. Numerical modeling of wave propagation in absorptive media has been the subject of recent research in such areas as material property measurement [1) [2) , seismology [3) [4) [5) and medical ultrasound [6) [7) . Previously, wave attenuation has been included in transient finite element formulations via a constant damping matrix [8) or functionally in termsofapower law relation [9) . The formulation presented here is based on representing the viscoelastic shear and bulk moduli of the medium as either a discrete or continuous spectrum of decaying exponentials [10) . As a first test of the correctness of the viscoelastic finite element formulation, the finite element results for a simple hypothetical medium are compared with an equivalent Laplace-Hankel transform domain solution.
LINEAR VISCOELASTICITY
Linear, homogeneaus and isotropic (LHI) viscoelastic media can be defined by the stressjstrain relationship in the following manner:
where T, 3 (x, t) and S, 3 (x, t) are the stress and rate of strain, respectively, * implies convolution, f~oo h(t-s)f(s)ds, and K(t) and G(t) are the bulk and shear stress relaxation modulus, respectively. In terms of the Lame parameters, .\(t) = K(t) -~G(t) and 11(t) = G(t). Functionally, the viscoelastic moduli must be "nonnegative, continuously decreasing functions of time" [11) . As a result of time (frequency) dependent moduli, a viscoelastic medium can store and dissipate mechanical energy.
A simple, illustrative although unrealistic model for the material moduli is given by
where the subscript "e" implies equlibrium or long-time behavior and subscript "g" implies glassy, elastic or short-time behavior and H(t) is the Heaviside unit step function. Another modulus,
, has been defined and is called the longitudinal modulus since it directly affects the propagation of longitudinal waves. For most materials the glassy modulus is greater than the equilibrium modulus. It is assumed here that the characteristic relaxation time of the bulk and shear modulus are both equal to T which is not generally true. The moduli are defined in the time domain hence causality can easily be satisfied.
VISCOELASTIC FINITE ELEMENT FORMULATION
The displacement wave equation for LHI viscoelastic media is derived from T, 3 , 3 = pu, -F, using the stressfstrain relation given in eqn. 1. In vector notation the wave equation is written
where ü = ü(r, z, t) and Fis the body force per unit volume (12) . The Neumann (traction) and Dirichlet boundary conditions on the total boundary, r, are, respectively, From variational calculus it is known that the solution to the wave equation for a prescribed geometry and boundary and initial conditions is equivalent to minimizing an energy functional, that is, assuming an appropriate functional exists. The functional minimization approach for solving the axisymmetric elastodynamic wave equation has previously been described in detail [8) (13) [14) (15) and will not be repeated here. The functional minimization for the viscoelastodynamic wave equation follows analogously [16) . The global mass matrix is denoted by M, the displacement by Il.t, the viscoelastic stiffness matrix by Kt and the body and surface forces by &· The subscript "t" and "g" implies time dependent and glassy or elastic moduli, respectively. lt should be noted that if the third term in eqn. 11 is dropped the purely elastic matrix equation is recovered. The matrix equation, eqn. 11, represents a coupled harmonic oscillator system. It has previously been described for modeling damped vibration in fiber reinforced composite structures [17) . The solution at time, t, is effected by an explicit central difference time-stepping scheme. A lumped (i.e., diagonalized) mass matrix [8) is used to eliminate matrix inversions. The finite elements are four-node reetangular elements with two degrees of freedom per node. The convolution integral is effected by a method given by Luebbers [18) in which case the complete time history of the integrand does not need to be stored.
LAPLACE-HANKEL TRANSFORM SOLUTION
To test the correctness of the finite element solution for the viscoelastodynamic wave equation, eqn. 5, the FE results are compared with an analytical Laplace-Hankel transform domain solution which must be inverted numerically to recover the space and time waveforms [19) . The double transform is defined as [20) jv(f., s) = C [1lv [f(r, t)]] = 1 00 1 00 f(r, t)rJv(rf.)e-•tdrds (12) where v usually is a positive integer or zero.
In a homogeneous and isotropic medium, the total axisymmetric displacement is completely determined by two scalar potentials,
ü, +ü., (13) (14) where subscript "1" and "s" imply longitudinal and shear waves, respectively. Both potentials satisfy the scalar wave equation, where C8 g,se = 3100, Omfs and C!g,le = 6300, 3150m/s, respectively.
(27)
In fig. 2 a point along the axis of symmetry is chosen and the z-displacement plotted as a function of increasing relaxation time. The elastic Iimit is approached as the relaxation time becomes long relative to the period of the center frequency of the source, in this case fo = 1MHz or To = 1//0 = 1JLs. The finite element displacements at other positions are compared with the inverse Laplace-Hankel transform solution. In fig. 3 the z-displacment is plotted for the relaxationtime r = :}.;J.ts ~ (159ns). A purely one dimensional theory predicts an attenuation of about 26dB at z = 10mm or about 0.05 times the source peak amplitude, which is unity in this case. As can be seen in fig. 3 (a) this estimate is correct neglecting beam spreading effects.
In fig. 4 the radial and axial displacement are plotted for a point off the axis and outside the cylinder defined by the source radius. In both cases the agreement is to within a line width.
CONCLUDING REMARKS
A time-domain finite element program has been modified to model ultrasonic wave propagation through linear viscoelastic media. The validity of the method has been checked against an alternative computational method for a simple decaying exponential model and found to give essentially identical results. An advantage of this numerical approach is that dispersion can be incorporated in a causal manner.
Future work will extend the viscoelastic model to incorporate distributions of relaxation times. A distribution is necessary in order to model real viscoelastic media such as polymeric solids and liquids [10 ] . Also the modelwill be extended to model multilayer elastic/viscoelastic systems.
